Dynamical fermions induce via the fermion determinant a gauge-invariant effective action. In principle, this effective action can be added to the usual gauge action in simulations, reproducing the effects of closed fermion loops.
, where m F is the fermion mass. As shown in Fig. 1 , the Hasenfratz-DeGrand results for N t = 4 are in excellent agreement out to at least κ = 2, and in reasonable agreement at κ = 5; this is particularly surprising since ∆β F is calculated using lattice perturbation theory at zero temperature. In order to understand the effects of finite temperature, we have calculated the one-loop fermionic corrections to the spatial and temporal plaquette couplings, as well as the leading Z N symmetry breaking coupling.
II. RENORMALIZATION OF β AT FINITE TEMPERATURE

A. Perturbation Theory for ∆β
The O(A 2 ) term in the gauge field lattice action including the one-loop finite temperature fermionic correction is given by
where
2)
with the vertex functions given by
and
with no sum over µ. The inverse fermion propagator is
This formula is a straightforward consequence of the lattice Feynman rules, which are given in Fig. 2 . The diagrams contributing to the fermionic renormalization of ∆β are shown in Fig. 3 . The first diagram, corresponding to D (0) , is the free lattice gluon propagator. The second diagram, corresponding to D (1) , involves R and S only and survives in the continuum limit; note that R is the lattice analog of the continuum gluon vertex. The third diagram, corresponding to D (2) , is a lattice tadpole diagram, and involves the vertex function Q, which is a feature only of the lattice theory. At zero temperature, this tadpole contribution vanishes after integration by parts [3] . Finite temperature enters into the calculation only through the replacement of the integration over the k 0 variable appropriate for zero temperature by the sum over Matsubara frequencies
where n is integer-valued and T is the temperature. 
still holds at finite temperature, even though the four dimensional hypercubic symmetry is broken. To show this, we first note the two identities
Use of the first identity gives
and after a simple shift of variables, use of the second identity yields the desired cancellation.
C. Finite Temperature Decomposition of the Propagators
At finite temperature there are two independent symmetric tensors of order p 2 which are four-dimensionally transverse [4] . In what follows, all expressions will be in the thermal rest frame. The first of the corresponding lattice tensors is specified by
0µ (p) = 0 (2.13)
and the second is
The lattice quantitiesp are defined bỹ
The existence of these two independent tensors leads to separate renormalizations of the spatial and temporal gauge couplings at finite temperature. The first tensor, P
is associated with the magnetic, or spatial, part of the action, while the second tensor,
µν (p), is associated with the electric, or temporal, part of the action.
We find that
As the temperature is taken to zero, the two expressions smoothly approach each other to
give the zero-temperature result. 
E. Image Expansion
The connection between the the zero and finite temperature result can be understood more physically by transforming the sum over Matsubara frequencies into a sum over images using the Poisson summation formula for antiperiodic boundary conditions
so that, for example, the shift in the spatial coupling is given by
with a similar result for ∆β t . This form has a simple physical interpretation: the first integral is the zero-temperature shift, and the integer n in the second term labels the net number of times the fermion wraps around the lattice in the temporal direction. The finite temperature corrections result from the O(A 2 ) expansion of image diagrams such as those depicted in Fig. 5 . Numerically, the dominant corrections to the zero-temperature result come from the first few values of n, with the n = 1 and n = 2 terms accounting for more than 90% of the finite temperature correction for κ ≤ 2.0.
Although not apparent in our perturbative calculations, in order to maintain gauge invariance, the vertical segments of the image diagrams must be accompanied by powers of Polyakov loops. It is an observed feature of simulations with dynamical fermions that the Z N symmetry is approximately maintained in the low-temperature phase. This suggests that the image contibutions may be negligible below β c . Thus, the zero temperature corrections to β are suppressed nonperturbatively in the confined regime. In particular, just below β c the zero-temperature result will hold for ∆β. Figure 6 illustrates an idealized behaviour for ∆β fermion as a function of β pure .
III. Z N SYMMETRY BREAKING IN THE EFFECTIVE ACTION
There is another set of terms induced by the fermion determinant only at finite temperature. As is well known, the Z N symmetry of the pure gauge theory is explicitly broken by dynamical fermions. To lowest order in the hopping parameter expansion, a path of once again, we find an additional contribution to the effective action:
where P ( x) denotes a Polyakov loop and the couplings h n are given by
This result can also be obtained by using a contour integral to evaluate the sum over Matsubara frequencies. The leading term in this effective action has been discussed for the case
A. Numerical Results for h
The maximum values of the h n are obtained when m F = 0. For N t = 4 we find h This is roughly consistent with the endpoint of the first-order phase transition observed in simulations with dynamical staggered fermions [6] . However, a definitive comparison will 9 likely require significant computational resources.
IV. CONCLUSIONS Figure 8 , a graph of β c versus κ, summarizes the results we have obtained. As shown by Hasenfratz and DeGrand, the zero-temperature shift in the coupling constant due to dynamical fermions nicely accounts for the shift in β c . We have found that finite temperature corrections to the gauge coupling renormalization lift the degeneracy of the spatial and temporal couplings, and the results are significantly different from the zero-temperature results. As can be seen from the figure, they are in conflict with the Monte Carlo data.
At finite temperature, dynamical fermions couple to Polyakov loops via loops circling the lattice in the timelike direction. This also acts to shift the value of β c . This shift is small, however, and does not restore the success of the zero-temperature calculation.
As we have shown, the image expansion makes it plausible that the success of the zero- While the coupling to Polyakov loops induced by dynamic fermion loops seems to play little role in determining β c , this coupling does influence the order of the transition; in our N t = 4 simulations of a pure gauge theory with an additional coupling h 1 to Polyakov loops, a sufficiently large value of h 1 causes the first order line to terminate, while shifting β c very little. Thus, the effective coupling h 1 appears to be the most important factor in determining the end point of the first-order deconfining phase transition line.
In addition to the transition temperature, other quantities can be estimated using these perturbative techniques. For example, the chiral order parameter ψ ψ can be estimated as a constant term plus a term proportional to the expectation value of a plaquette plus a term proportional to the expectation value of the Polyakov loop. However, the use of a perturbative evaluation of the fermion determinant obviously fails to include the effects of chiral symmetry breaking, which is the dominant factor in determining ψ ψ for light quarks.
Presumably this accounts for the failure of the effective theory for light quark masses.
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